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We propose and analyze a protocol to study quantum information scrambling using statistical correlations
between measurements, which are performed after evolving a quantum system from randomized initial states.
We prove that the resulting correlations precisely capture the so-called out-of-time-ordered correlators
and can be used to probe chaos in strongly interacting, many-body systems. Our protocol requires neither
reversing time evolution nor auxiliary degrees of freedom, and it can be realized in state-of-the-art quantum

simulation experiments.
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I. INTRODUCTION

Recent developments in quantum simulation have
enabled the remarkable ability to interrogate and control
atomic, molecular, and ionic degrees of freedom (d.o.f.) in
lattice experiments with single-site resolution [1-4]. In
atomic Hubbard models with bosonic and fermionic atoms
in optical lattices, a quantum gas microscope provides us
with single-shot spatial- and spin-resolved images of
atomic densities. By averaging over many images, this
allows one to extract spatial and spin equal-time correlation
functions, which reveal unique properties of (non)equilib-
rium quantum phases [5-8]. In spin models, as realized
with trapped ions [9,10], Rydberg atoms [11-14], and
superconducting qubits [15-18], the state of the spins
(qubits) can be measured in a given standard basis in
single-shot measurements with high fidelity and with high
repetition rates. Building on these tools, we develop below
quantum protocols to measure many-body observables
from analyzing statistical cross-correlations between such
quantum images representing different runs of an experi-
ment. We see that this provides us with simple, generic, and
robust techniques to extract many-body observables, which
are challenging to access otherwise within existing exper-
imental setups. In particular, we develop novel protocols
for out-of-time-ordered correlators (OTOCs), which are

*benoit.vermersch@lpmmc.cnrs.fr

Published by the American Physical Society under the terms of
the Creative Commons Attribution 4.0 International license.
Further distribution of this work must maintain attribution to
the author(s) and the published article’s title, journal citation,
and DOL.

2160-3308/19/9(2)/021061(16)

021061-1

Subject Areas: Atomic and Molecular Physics,
Quantum Physics, Quantum Information

time-dependent quantities that cannot be measured directly
as a standard time-ordered correlation function. OTOCs
represent a key quantity to diagnose quantum chaos and
enable one to understand how quantum information prop-
agates, and “scrambles” [19], in close connection to the
notion of entanglement spreading [20-23].

OTOCs have been introduced to characterize quantum
dynamics, described by a unitary time-evolution operator
U(t) in terms of the complexity of Heisenberg operators
W(t) = UT(t)WU(t). For chaotic dynamics, even an ini-
tially “simple” and local Hermitian operator W rapidly
becomes complex and nonlocal. As a consequence, after a
short time, W(z) is delocalized and no longer commutes
with an initially nonoverlapping local operator V. The
degree of noncommutativity, or equivalently the scrambling
of W(z), is quantified by the OTOC, which takes the form

O(t) = Te(pW () VIW(1)V)/Tr(pW(1)>VTV). (1)

with p the initial quantum state. Note that this definition
ensures that O(¢) = 1 when W(¢) and V commute. In the
following, we focus on the “infinite-temperature” OTOC
[22-26] for which p = I /Ny, with I the identity operator
and \/ » the Hilbert space dimension. In Sec. V, we discuss
extensions of our approach to thermal states. The time
dependence of O(r) can distinguish between different
classes of scrambling, ranging from “fast scrambling”
in models with holographic duals [27-32] and chaotic
many-body spin systems [19,22,23,33,34], to “slow scram-
bling” characteristic of many-body localization (MBL)
[24-26,35]. These theoretical insights raise the question
of how to experimentally measure O(t), despite the
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peculiar time order inherent in its definition. A first option
to measure O(f) consists in implementing time-reversal
operations [21,36-39] or using auxiliary quantum systems
[40]. The first measurements of OTOCs were realized using
this approach in systems with few d.o.f. [41], but also in a
trapped ion setup with infinite-range interactions [42].
However, protocols based on realizing time-reversal
operations remain an experimental challenge for many
experimental platforms—Ilike Hubbard systems or systems
with local interactions. For such protocols, recent studies
have also shown that decoherence can “mimick” the effect
of scrambling, and they have developed [39,43] and
realized [44] implementations involving auxiliary d.o.f.
to distinguish the two effects.

In contrast, a unique feature of our protocols to measure
OTOCs via statistical correlations is that they do not rely
on time-reversal operations nor the presence of an ancillary
system. In addition, we show that OTOCs extracted from
statistical averages provide the key advantage to be
naturally robust against various forms of decoherence
and experimental noise, including depolarization and read-
out errors. As a consequence, our protocols can be realized
in any state-of-the-art AMO [2,3,45] or superconducting
qubit platforms [4], and they can be used as experimental
probes of scrambling in many-body systems.

Our work presents two key results related to two
protocols. First, we introduce the global protocol and
demonstrate the exact equivalence between the OTOC
O(t), as defined above, and the statistical correlations
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obtained from initial states, which are randomized with a
global unitary operator u for the total many-body system.
We then present the local protocol, which consists of an
experimentally simpler approach for spin systems, where
the initial state is randomized with local unitary operations
and where the statistical correlations also give access
to O(1).

This paper is organized as follows. Section II presents
the main results of this paper by describing the two
protocols to measure O(r) with local and random unitaries.
Section III gives different physical examples, accessible to
current AMO and solid-state platforms. Finally, we discuss
in Sec. IV the role of statistical errors and imperfections,
and we identify, in particular, the different situations
(depolarization, readout errors) where the protocol is not
affected.

II. PROTOCOLS MAPPING STATISTICAL
CORRELATIONS TO OTOCs

In this section, we present and illustrate both the global
and local protocols to measure OTOCs via random mea-
surements. We consider a system S associated with a
Hilbert space of dimension Ay,. This system can be, for
example, a set of atoms described by a Hubbard model
or an ensemble of spin-1/2 as shown in Fig. 1(a). In the
following, we also assume the operator V to be unitary and
the operator W to be Hermitian and traceless [Tr(W) = 0].
Note that these conditions do not restrict the ability of
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Probing scrambling via statistical correlations in a spin system. (a) The global protocol consists in separately measuring

(W(1)) 4, and (VIW(2)V), s, to obtain the OTOC O(t). (b) Numerical simulations of the protocol for the kicked Ising model with
parameters h, = J, h, = 0.809J, JT = 1.6, N = 8, and j = 3. The first two panels show the statistics of the measurement at Jt = 0
and Jr = 35.2. In the third panel, the exact OTOC O(r) is shown as a solid line, and the points represent the statistical correlations
obtained from N, = 500 unitaries and N, = 500 projective measurements (per unitary), with error bars placed at +2¢ calculated
from the jackknife resampling method. (c) Local protocol using local random unitaries. (d) Same as (b) with the local protocol,
extracting the modified OTOC O,,(r) (calculated exactly, colored lines) from the statistical correlations (circles with error bars).
Convergence to the OTOC O(r) (black line) is achieved for low index n ~ 2. Throughout this work, we use unbiased estimators for

the normalization terms D(GL),
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OTOCs to describe scrambling: For spin systems, we
consider, as examples, W and V to be local Pauli operators,
which are particularly relevant in this context [22,23].
We also give examples below that are relevant to probe
scrambling in Hubbard systems.

Our two protocols are illustrated in Fig. 1. The first
protocol described in Sec. II A relies on global random
unitaries u from the circular unitary ensemble CUE(N3,)
[46] or from a unitary 2-design [47]. As illustrated below
for a Bose-Hubbard (BH) system, such random unitaries
can be realized in generic interacting models using time-
dependent disorder [48—50]. The second protocol presented
in Sec. II B considers spin systems with individual spin
control, which allows us to drastically simplify the exper-
imental task by replacing the global random unitaries by
local random wunitaries u =u; @ U, @ ... @ uy, u; €
CUE(2), acting on single spins i =1,...,N. Note that
such local random unitaries have recently been realized
with high fidelity with trapped ions [10,51].

We find it convenient to present both protocols as
experimental recipes to measure the statistical correlations.
In each case, we then mathematically relate the correlations
to O(1).

A. Global protocol

Experimental protocol.—The protocol consists of the

following steps, as illustrated in Fig. 1(a).

(i) We prepare an arbitrary state |k,) and apply a global
random unitary u to obtain [y, ) = ulk). The
randomized state [y, ;) is the starting point for two
independent experiments:

(ii.a) In the first experiment, we evolve the system in
time with U(#) and perform a measurement of the
expectation value of W. The time-evolution oper-
ator U(t) can be generated, for instance, from a
static Hamiltonian U(r) = ¢!, from Floquet
evolution, or from a quantum circuit operating
on qubits, depending on the type of system
under study. We repeat steps (i) and (ii.a) with
the same random unitary u to measure (W (t))
Wk |W(t)|wyx,) as illustrated in Fig. 1(a).

(ii.b) In the second experiment, we prepare again |y, s )
and apply the unitary V. This operation is followed
by the time evolution with U(f) and a measure-
ment of W. We repeat this sequence to obtain
<V‘W(t) >u ko — <l//u ko|V W( )V|WMJ<O>’ as shown
in Fig. 1(a).

(iii) Finally, we repeat steps (i) and (ii) for different
random unitaries. The OTOC O(r), as defined
in Eq. (1), is then obtained from the statistical
correlations

uky —

O(t) = NG <W(t)>u,k0 <VTW(I) V>u,k0 (2)

between the measurement outcomes (W(t)),, and
(VIW(1)V),s, of (iia) and (ii.b), respectively.
Here, — denotes the ensemble average over

= (W(0)iy, 1s a

u.ky

random unitaries u, and D(©
normalization term.

Proof and illustration.—Equation (2) can be proven
using the 2-design identities, which provide analytical
expressions for the statistical correlations between the
matrix elements of u [52],

u u* I/t u
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with ¢ the Kronecker delta. In order to simplify the proofs,
in this work we use a diagrammatic representation of
Eq. (3), where the contractions of the different indices
are represented by lines [53], as shown in Fig. 2(a). This
representation allows us to prove in Fig. 2(b) the identity

(OV), =c > Trfz(W(r) @ VIW(1)V)]

7=I,swap

= cTH[W()VIW(1)V], (4)
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FIG. 2. |Identities for our protocol with global unitaries.

(a) Diagrammatic representation of the 2-design identities of
the CUE Eq. (3). (b) Correlations between two measurements
with A = W(1), B = ViW(t)V. Here, we have introduced the
notation for the initial pure density matrix py = |ko) (k|-
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with ¢ = [N (N + 1)]7. The trace in the first line is
performed over an extended Hilbert space H ® H,
where H is the Hilbert space of dimension N4, and the
swap operator is swap(|k) ® |k')) = |k') ® |k) for each
pair of states |k), |k’). The condition of traceless operator
Tr[W(f)] =0 and the identity Tr[swap(W(¢) ®
VIW(t)V)] = Tr[W(t)VIW()V] yield the second line of
Eq. (4). Finally, to conclude our proof, we use the same
identity with V' — I to prove that the denominator in Eq. (2)
reduces to ¢Tr[W?2(1)].

As an illustration, we present in Fig. 1(b) the intuitive
physical picture behind this result [based on realizing U(¢)
for the kicked Ising model; see caption and text below]. At
t = 0, the measurement of W(0) = W = o5 (j > 1) is not
affected by the operator V = o7, which distinguishes the
two initial states |y, s, ) and V], s, ). Indeed, [V, W(0)] =0
and hence (W(0)),,, = (VIW(0)V),,, . implying perfect
correlations, i.e., O(0) =1 [up to shot noise errors; see
below and Fig. 1(b), left panel]. At later times (middle
panel), when [V, W(#)] # 0 due to the spreading of W(z),
the value of (VIW(r)V),, becomes decorrelated from
(W(t)), - Note that in analogy to our approach, the
distance between a quantum state and a (physical) copy,
which is perturbed at + = 0 by the operator V, has been
proposed to numerically detect scrambling [54,55].

Measurement budget and statistical errors.—In an
experiment, a finite number of N, random unitaries is
realized to measure O(t) based on Eq. (2). Furthermore,
the operator W is measured via a finite number of projective
measurements Ny, per unitary. The total number of mea-
surements leading to an estimation of the OTOC is therefore
Neas = N, Ny The finite value of N will lead to
statistical errors. To illustrate this aspect, we compare in
Fig. 1(b) the time evolution of O(¢) with the estimation
obtained from a finite realistic number of measurements [10]
(circles with statistical error bars). We analyze the role of
statistical errors in more detail in Sec. IV.

Implementation of random unitaries.—One of the exper-
imental challenges in the protocol presented above consists
in generating, with high fidelity, global random unitaries u
satisfying the 2-design properties. In quantum simulators
implementing Hubbard or spin models, this can be done
using random quenches based on time-dependent disorder
potentials (see Refs. [49,50] and the example in Sec. III A).
‘We now proceed to describe an experimentally significantly
simpler protocol for spin systems, which only requires us to
generate local random unitaries acting on individual spins.
These unitaries can be realized by combining local rota-
tions along a fixed axis of the Bloch sphere, say, the 7 axis,
with global rotations along an orthogonal direction, for
instance, the x axis [10,51]; they can therefore be imple-
mented in present qubit experiments with single-site con-
trol, e.g., with trapped ions [2], Rydberg atoms [3], or
superconducting qubits [4].

B. Local protocol

The protocol.—We now describe our protocol based on
local unitaries. The main difference compared to the
protocol presented in Sec. IT A is that we need to consider
an ensemble E, = {|kg), ...} of initial states, instead of a
single one |ky), in order to obtain a mapping between
statistical correlations and OTOCs. The states |k,) =
|k§]), k§2), ...) that we consider are written as product states
in a standard fixed basis, i.e., kg') =1, |, and can be easily
prepared in an experiment with single-site control.

The protocol consists of the following steps:

(i) We prepare the first initial state |kg), (s = 0), and
apply the local unitary u = u; ® ...uy, cf. Fig. 1(c),
to prepare |y, ). Here, each local unitary u; is
drawn independently from a unitary 2-design, such
as the circular unitary ensemble CUE(2).

(ii.a) In the first experiment, we measure W after
evolving the system in time with U(t).
Repeating steps (i) and (ii.a) with the same
random unitary u gives us access to
W) uky = Wuko W (O Wuiy)-

In the second experiment, we proceed as in
(ii.a), but we apply V before the time evo-
lution with U(t). This method gives us access
o (VIW(OV), s

We repeat steps (i) and (ii.a) for the other initial
states |k,) € E,, using the same random unitary u, in
order to obtain (W(t)),, , for each k; € E,,.
Finally, we repeat steps (i)—(iii) for different random
unitaries. From these measurements, we can con-
struct the statistical correlations

5 e lW

n k SEE,

(ii.b)

(iii)

@iv)

uk VTW( )V>u,k0’ (5)

with DIt =37 e, ¢k, (W(1)) i, (W(1)) 4 and weights

Measurement budget and convergence aspects.—
For this protocol, the number of measurements is
Nieas = NNy (|E,| + 1), with |E,| the cardinal of E,,,
i.e., the number of initial states k,. In the following, we
show how to choose the ensembles E,, and weights ¢; so
that the correlations O, () represent a converging series,
indexed by n, of “modified OTOCs” approximating O(¥).
The low-order OTOCs Oy, (t), which correspond to
small numbers of initial states (|[E,| = 1,2,...) to sample
and are thus the easiest quantities to access experimentally,
provide generically good approximations of O(z). We also
prove, in the other limit n = N, the exact relation
On(1) = O(1).

Introducing the modified OTOCs.—Here, for concrete-
ness, we consider V to be a Pauli operator on the first site
i = 1. For each value of n =0, ..., N, we then define the
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ensemble E, as the set of all 2" configurations |k), such
that only the states of the first n spins can differ from the
ones of the reference state |k), i.e., K>m = kg) fori > n.
For instance, for n = 0 (n = 1, respectively), which we
study in detail below, the ensemble Ej = {|ko)}
(E, = {]ko).o7{|ko)}) is represented by a single state (just
two states). As proven in the Appendix A, by choosing the
weights ¢, = (—1/2)%ok] with d[ko, k,] the Hamming
distance (the number of spin flips between |kg) and |k,)),
we can relate the statistical correlations O,,(f) to modified
OTOCs,

Yoan,caTta(W(t),(VW()V),)
Ol = s T W W ()

(6)

which converge to O(t) for n = N [56]. Here, the sums in
the numerator are performed over all partitions A, which
include the set B, = {1, ...,n} of the first n spins (for
n=0, By =@ is empty), and the traces are performed
over reduced operators W, (1) = Trs_,[W(¢)] and
(VW(t)V), = Trs_o(VW(r)V). The modified OTOCs
0,(t) are thus sums of out-of-time-ordered functions of
the different reduced operators W(z),, (VW(£)V),.

Properties of the modified OTOCs and illustrations.—
The identity Eq. (6) shows that the index n plays the role of
a spatial resolution controlling how O, (f) approximates
O(t). For all contributing partitions A, {l...n} C A, the
information about the first n spins is preserved when
reducing the operators W(t) - W(t), VW()V -
(VW(t)V),. In particular, for the maximal spatial resolu-
tion n = N, statistical correlations are exactly the OTOC
Ox(1) = O(1). In the opposite case of n = 0, all partitions
A C S of the system contribute to Og(t). For O(z), the
information related to the support of V (here, the first site)
is “resolved” so that we can expect a better approximation
to O(¢), and so on for n =2,3,.... Note that our con-
struction of the sets E, can be generalized easily to other
positions of V and also to multisite operators.

An illustration of this protocol is shown in Fig. 1(d)
[compare to Fig. 1(b)], where we show O, (¢) (solid lines)
and the corresponding statistical correlations obtained
by simulating the protocol numerically. For n =0, the
modified OTOC captures the scrambling time as O(¢)
but saturates to a nonzero value at long times. For
n=1,2,3,..., the values of O, () are in good quantitative
agreement with O(¢). We also note that for short times, the
local protocol has an advantage compared to the global
protocol in terms of statistical errors, as we explain below.

III. REALIZATIONS OF THE PROTOCOLS IN
DIFFERENT PHYSICAL SCENARIOS

This section is devoted to physical examples that can be
accessed with our protocol. In Sec. III A, we show how to
apply the global protocol in an atomic Bose-Hubbard

system. We then focus on the local protocol and analyze,
for chaotic (Sec. III B), many-body localized (Sec. III C),
and long-range spin models (Sec. III D), the behavior of
modified OTOCs O,,(¢). We analyze, in particular, both via
analytical models and numerical simulations, the conver-
gence properties of O,(f) to O(t).

A. Implementation of the global protocol
in a Bose-Hubbard chain
We now present an example to illustrate the different
steps of the protocol with global unitaries and consider the
situation of scrambling dynamics of the BH chain [21],
with U(t) = exp(—iHgpt),

N-1 . U. XN
nt
Hgy = —-J 5 (ajy1a; +He.) + > § :”i(”i -1,

i=1 i=1

(7)

with a; bosonic operators and n; = alTa ;- We consider here
the OTOC dynamics for the unitary V = exp(—izaa;) and
the traceless observable W = n;, | — n;.

We first illustrate the mapping Eq. (2) in Fig. 3 by
comparing O(t) [panel (a)] and the corresponding statis-
tical correlations [panel (b)], where N, = 1000 random
unitaries were sampled numerically from the CUE.
Assuming here no projection noise N,; — oo, we obtain
a very good agreement between the two quantities. Note,
as in the case of the spin models described below, the

(a) (b)
1.0 1.0
=05 =05
Q) Q
0.0 0.0
0 5 10 0 5 10
Jt Jt
(c) (d)
1.0 1.0
%0'5 —— f})(j)s %0.5
0.01—4 =10
e 0.0
0 5 10 0 5 10
Jt Jt
FIG.3. Scrambling in the BH chain. (a) OTOC O(¢) for different

positions j = 2, ..., N — 1 (green to purple) of the operator W (see
text). (b) O(r) estimated with N, = 1000 unitaries u sampled
numerically from the Haar measure. (c,d) Comparison between
O(t) and corresponding estimations via statistical correlations,
where u is prepared via n random quenches, with j =7 (c)
and j =4 (d), and N, = 1000. Here, A;’") is sampled from a
uniform distribution of width 2/, and the quench time is 7 = 1/J.
For all panels, we consider N =8 lattice sites with |ko) =
[10101010) in the number basis, and U, =2J. In panels
(b)—(d), error bars at 2 standard deviations are calculated using
the jackknife resampling method. Here, we consider N, — oo.
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characteristic “scrambling time” for the OTOCs varies
essentially linearly with the position of the operators,
showing the existence of a “butterfly” velocity.

We now discuss the physical realization of the global
random unitaries . Unitaries satisfying the required
2-design properties can be generated using the same
Hamiltonian Hpgy subject to a sequence of # random
quenches [49,50],

i
u= H exp <—iT {HBH + ZA,E‘m)”j] ), (8)
m=1 J

with Aﬁ-m) arandom disorder potential, which is reinitialized
for each quench m, and the quench time 7. As shown in
Refs. [49,50], such random quenches efficiently generate, in
each particle number sector, unitaries satisfying the required
2-design properties of the CUE, after a time #7T ~ N. This
case is illustrated in Figs. 3(c) and 3(d) for two different
operator W positions: For n > N, the generated u converges
to the CUE (with respect to the required 2-design proper-
ties), and therefore, the measured statistical correlations
coincide within the statistical error bars with O(r).

B. Chaotic dynamics with modified OTOCs

In the rest of this section, we focus on spin models with
OTOCs measured by local unitaries. To illustrate the ability
of the modified OTOCs O, (1), Eq. (6), to approximate
O(t), we first consider scrambling in chaotic spin models,
which is characterized by two key features: The support of
an operator W(r) that is initially localized grows ballis-
tically with a “butterfly velocity” v, and the operator front
traveling at vy broadens diffusively [19,22,23]. The bal-
listic growth can be captured by a simple phenomenologi-
cal model, which assumes that U(r) takes the form
U(t) = UIL(1)]; ® ... ® U[L(t)]y,1(s» where the Haar
random unitaries U[L(f)] € CUE(2L(") describe scram-
bling on a linearly growing scale L(7) = 1 + floor(vgt).
For W = oj and V = o{, we obtain, in leading order in
L(t)> 1 [33],

0 =1 [j> L] 00) =1 <LO) ©)

and, as shown in Appendix B,

Oo(1) =1[j>L(1)] Op(1)=

1
LT i<L(n], (10)
Here, O(r) represents the average OTOC over the unitaries
U, whereas the expression for O,,(f) corresponds to includ-
ing the sampling over U in the ensemble average = [57].
All OTOCs O(t) = O (t) = 1 thus coincide at short times
when W(¢) and V commute exactly. At the scrambling time

O1(t)=1[j>L(1)] 01(t) =~

tg=r/vg (r=j—1), O(t) and O ;(t) exhibit a sharp
drop. For t > tz, O(t) and O,(¢) are exponentially sup-
pressed, while Oy(f) converges to 1/3.

We now confront these analytical predictions with
numerical simulations of the kicked Ising model, which
is an example of a chaotic spin model [22],

U(mT) = [e—i(T/2)(ZiJa,?zerJrZihzaf)e—i(T/2)hx Ziﬂm’
(11)

with m a positive integer and 7 the period of the Floquet
system. Throughout this work, we use open boundary
conditions (OBC). The results are shown in Fig. 4, where
we compare the modified OTOCs for n = 0, 1, 2, 3, 4 with
O(t). In panel (a), corresponding to an operator position
J = 4, the scrambling dynamics described by O(¥) is fast in
the sense that it occurs at a time 75 ~ j/J. This behavior is
qualitatively captured by the first modified OTOC, with
fast decay at the scrambling time and saturation at the
predicted value 1/3 of our phenomenological model.
Interestingly, the convergence of O, (1) to O(¢) is achieved
for small values, n = 1. In panel (b), we represent the
same quantities for a distant operator j = 7. In this case, the
dynamics of the OTOC includes a long-time slow behavior,
which we attribute to the diffusive character of the operator
W(t) [22,23]. This additional complexity of the operators
(a) (b)

1.0 —— Oy —— O3 1.0
—e— O
—— 0 =
> = 0.5
- %
0.0

0 1020 30

Jt
(@10
=05 \/\/
Q
0.0
0 10 20 30 0.5 1.0 15
Jt ho/J

FIG. 4. 0,(t) vs O(t) for chaotic dynamics in the kicked Ising
model. All plots represent for N = 8 sites the modified OTOCs
0,(t), forn =0, 1, 2, 3, 4 and the OTOC O(¢). The dashed line
shows the predicted value 1/3 for Og(t) for Haar scrambling.
(a) For h, = 0.75J, and j = 3, the OTOC decay is fast and well
captured by the low-order OTOCs O, (t). (b) For a larger j =7
operator position, the OTOC decay is slower, as a consequence of
the diffusive broadening of W(t). (c) For j =7, and h, = J, the
decay of O(r) is fast but accompanied by strong oscillations,
which are also resolved by the modified OTOC:s. (d) For a fixed
long time J¢ = 35.2, the modified OTOCs provide good approx-
imations to O(7), in particular in the regime &, > 0.75J. Other
parameters are h, = 0.809/, and JT = 1.6.

021061-6



PROBING SCRAMBLING USING STATISTICAL CORRELATIONS ...

PHYS. REV. X 9, 021061 (2019)

[compared to ballistic spreading as in panel (a)] is captured
for spatial resolutions n 2 4. In panel (c), we show another
example of deviation from ballistic scrambling, with strong
oscillations of the OTOCs, which are quantitatively cap-
tured for n > 2,3. Finally, we show in panel (d) the
different regimes of scrambling as a function of the trans-
verse field &, for a fixed large time J¢ = 35.2. All modified
OTOC:s identify a region of fast scrambling around &, ~ J.
Interestingly, the modified OTOCs with n > 1 also provide
an excellent approximation to O(f) in a regime of slow
scrambling, A, > 1.25J. Finally, for h, <0.75J, an
increased resolution is necessary to access O(r). This
example shows that the required resolution n to access
O(t) up to a given error depends on the type of evolution
realized by U(r) and is generically small. Note that these
results also suggest that the convergence properties of the
series O, (f) can be useful to identify different regimes of
scrambling.

C. MBL dynamics with modified OTOCs

As a second example, with the opposite type of scram-
bling, we consider MBL, which is the paradigmatic
example of a closed quantum system that does not thermal-
ize [58,59]. As a key signature, the decay of O(¢) is slow: It
occurs at a characteristic time ¢ that scales exponentially
with the distance r between the support of W and Vatt = 0
[24,26], which has to be contrasted to the linear increasing
tp « r of chaotic systems.

To begin our analysis, we first calculate the modified
OTOC O, (t) for the phenomenological #-bit model
[60,61] described by the Hamiltonian

H =Y hoi+> Jy e i oo, (12)

i<j

with h; random fields, Jg ;; random interaction strengths
that are taken uniformly in [—J_, J |, and £ the localization
length. Here, we only consider 2-body interaction terms,
which is sufficient to show that MBL exhibits slow
scrambling [24,26]. With U(t) = e7'H!, W = o}, and
V = o7, one finds [24]

O(t) = sinc(4J.e7"/°t),
~1420(z)

Oy(t) = TO(I)’

0,(1) = 0(r),  (13)

with r = j — 1. Thus, for slow MBL scrambling, O ()
is related to O(r) via a simple transformation, while we
obtain an exact equivalence between the one-site resolved
modified OTOCs O, () and O(¢). In the noninteracting
case J, =0, each ¢ bit evolves independently, O(t) =
0y (t) = 1 = const. With interactions J, > 0, the decay of
both O(t) = O, (t) and Oy(t) occurs at t, = e'/*/J_. This
analytical result is shown in Fig. 5(a). Note that, similar to

(@) 1.0 ) 1
Oo(t) MBL Anderson
05 = J.=J J. =
O O (t) = oa\ ~ o} PR A T
0.0 VAR
1073 109 10%
e /8Tt
@ |
(@YY P\ ¥ [
1073 10° 103 1073 10° 103
e /ATt e/ Jt

FIG. 5. MBL dynamics. (a) Values of O(f) and Oy () in the
Z-bit model. (b)—(d) Numerical simulations for a disordered XXZ
chain showing that the generic scaling of Oy(7) matches O(t),
while O(r) ~ O(r). We use 20 random realizations of the
disorder. Green to purple curves represent increasing values of
j=2,....N. The lines (circles) correspond to MBL J, =J
(Anderson J, = 0) dynamics, respectively. The x axis is rescaled
using a fitted localization length & = 2. Other parameters: N = 8,
A = 10J. The dashed lines represent the predictions O(c0) =0
and Ogy(o0) = 1/2.

the case of chaotic dynamics, O(t) tends to zero at long
times, while O(¢) saturates to a finite value, here 1/2.
These results are confirmed by our numerical simulations
of a disordered XXZ chain [62] shown in Figs. 5(b)
and 5(d). For the noninteracting case J, =0, both
OTOC values remain close to 1. In the MBL phase, the
decay of O () exhibits the expected exponential scaling
with the distance r, and it converges at long times to the
predicted values of 1/2 and 0, respectively. As predicted by
the Z-bit model, the values of O(¢) and O,(z) are almost
identical.

D. Information scrambling by long-range
interactions with modified OTOCs

So far, we have considered examples where interactions
are local, with analytical models supporting the statement
that low-order n modified OTOCs provide good approx-
imations of O(f). To conclude, we numerically study
scrambling in a long-range interacting model. This sit-
uation is particularly interesting as the decay of the OTOCs
is not necessarily controlled by a butterfly velocity asso-
ciated with the presence of a light cone [63,64].

Here, we consider a long-range XY model, realized,
for instance, in trapped ion experiments [2], with time-
evolution operator U(r) = exp(—iHg?), and

J e
Hig = ZW(Gi 7+ H.c.), (14)

Jj>i
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FIG. 6. Scrambling with long-range interactions. (a,b) OTOC
O(t) for N = 8, and two values of a = 1.5, 0.5. (c,d) Same as
panels (a) and (b) for the modified OTOC O5(¢), which also
distinguishes the two regimes of scrambling.

with a a positive number controlling the range of the
interactions.

We show in Fig. 6 the space-time expansion of O(7) and
O5(1) for two different values of a. For @ = 1.5, the system
satisfies Lieb-Robinson bounds [63,64], meaning that the
system behaves effectively as if the interactions are local.
This result is manifested by a light-cone spreading of the
OTOCs. Conversely, for a = 0.5, the characteristic decay
time of O(¢) is superlinear with respect to the operator
position j.

In such a model with long-range interactions, the
convergence of the modified OTOCs is slightly slower
than for the examples shown before with nearest-neighbor
interactions. However, the two types of light cones are well
resolved by the modified OTOC Os(¢). Within the light
cone, O5(r) oscillates weakly with time. These oscillations
fade out with increasing n.

IV. ERRORS AND IMPERFECTIONS

We conclude our manuscript by presenting a study of
errors and imperfections. From this analysis, we can draw
the conclusion that OTOCs can be measured with good
precision in AMO and superconducting qubit experiments
with current technology, and with the total number of
measurements compatible with state-of-the-art repetitions
rates [10].

A. Statistical errors

Statistical errors arise in an experiment from a finite
number N, of measurements per random unitary u to access
the expectation values (W(7)),,, and (VIW(1)V),, , and
from a finite number of random unitaries N, used to estimate
the correlation coefficients. This results in deviations £ =
|[O(1)], — O(t)| between estimated and exact correlation
coefficients.

The scaling of statistical errors can be explained best in
terms of the phenomenological model for scrambling
Egs. (9) and (10). Accordingly, using global unitaries, the
typical value of (W(z)),, ~ 1/ V2V is suppressed expo-
nentially. The number of projective measurements N,
required to access O(t) up to a given error thus scales as
2N, The protocol based on local unitaries accessing
0, (1) has a crucial advantage, provided that low reso-
lution n < N is sufficient to approximate O(z). The

typical value of the expectation values (W(t)),, ~

1/V2L(0) scales instead with the effective complexity
2L of the operator. Accordingly, the early-time dynam-
ics of large chaotic systems subject to Lieb-Robinson
bounds [22,23], but also the long time evolution of a
MBL system, both of which correspond to small scram-
bling lengths L(f) < N, are accessible with a moderate
number of measurements, about 2-(*). These findings are
confirmed by the numerical simulations of Fig. 7, show-
ing the statistical error £ for the global protocol [panel
(a)] and the corresponding error £; for the local protocol
with n = 1 [panel (b)]. Note that for both protocols, when
convergence with respect to N, is reached, the typical
statistical error is 1/+/N,, (consistent with the central limit
theorem).

@ 10
—8- L=2
-0 L=4
. - L=8
10~
W
102 N, = 2000
10~ 10’ 10°
Ny /28
©)
107!
Y
L2 L Nu = 2000
10° 10! 10%
Ny /28

FIG.7. Statistical errors, imperfections, and decoherence. (a,b)
Statistical errors for global and local protocols in the case of the
scrambling model, Egs. (9) and (10). For N,, > 2V (a), resp.
Ny > 2L (b), the errors reach a statistical plateau at 1/1/N,. For
the simulations of the global protocols, we use the two values
N = 4, 8 (circles, stars). (c) Effects of depolarization on statistical
errors: This decoherence mechanism rescales the values of the
observables, which implies that one should perform a slightly
larger number of measurements to access O;(f) with a given
precision. (d) Decoherence vs scrambling in the kicked Ising
model. Each qubit is subject to spontaneous emission with rate y.
Parameters are N =6, j=4, h, =J, h, =0.809J, Ny, = o,
N,, = 100. The effect of decoherence is manifested by an increase
of the correlations at long times.
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B. Imperfections and decoherence

Our two protocols have a certain robustness against
various types of experimental imperfections and
decoherence. First, let us consider the effect of imperfect
implementations of the local random unitaries u, which we
can parametrize with a characteristic mismatch angle d@ in
the realization of spin rotations. Our error analysis pre-
sented in Appendix F 1 shows that our estimations of the
OTOCs are only affected in second order in d6f. The
absence of a linear correction in d6 indeed illustrates a
robustness mechanism inherent to protocols based on
random measurements: OTOCs are estimated via an
ensemble average over many random unitaries, which
tends to “average out” the effect of errors from individual
measurements. In particular, we expect the global protocol
to have a similar robustness mechanism with respect to
small errors in the preparation of global unitaries.

The two protocols are also robust against readout errors.
In the case of decoherence, depolarization noise only
rescales the values of the measurements of W while leaving
statistical correlations unaltered [see Appendix F2 and
Fig. 7(c)]. For other sources of decoherence, the values of
the correlations can be affected but in a way that can be
clearly distinguished from unitary scrambling. While scram-
bling generically leads to a decay of statistical correlations,
decoherence increases correlations. This behavior, which is
the opposite of the case of protocols based on the reversal of
time evolution [39,43,44], can be understood by noting that,
for a Markovian dissipative evolution, the distance between
two different states always decreases with time [65]. This
case is illustrated in Fig. 7(d) for the estimation of the
modified OTOC [Oy(7)],.

V. CONCLUSION AND OUTLOOK

In the present work, we provide novel protocols to
measure OTOCs for spin models, based on statistical
correlations between measurement outcomes obtained from
random initial states from both global and local random
unitaries. These protocols can be implemented in state-of-
the-art quantum simulation experiments on various physi-
cal platforms, in particular, in Rydberg atoms, trapped ions,
or superconducting qubits, which provide high repetition
rates. The paradigm of extracting nonstandard correlation
functions of quantum many-body systems from statistical
correlations points to several interesting future develop-
ments, including extensions to measure modified OTOCs
for Hubbard models [45].

While we have focused on second-order statistical
correlations based on cross-correlating two random mea-
surements, higher-order moments can also be used—at the
price of higher requirements w.r.t. statistical errors—to
access higher-order OTOCs [33] or OTOCs of arbitrary
states p. In particular, we show in Appendix G 1 that the
protocol can be adapted to access “symmetrized” OTOCs

of arbitrary states, in particular, of thermal and ground
states. This method could be used to extract the crucial
temperature dependence of the Lyapunov exponents in
models of high-energy physics such as the Sachdev-Ye-
Kitaev models [27-32].
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APPENDIX A: CORRESPONDENCE BETWEEN
STATISTICAL CORRELATIONS AND OTOCs
WITH LOCAL UNITARIES

In this section, we prove the relation between statistical
correlations and OTOC:s for the second protocol with local
random unitaries u = u; @ --- ® uy, where each u; is
sampled independently from CUE(d), d being the local
Hilbert space dimension (d =2 for the spin-1/2 we
consider). Here, we extend our diagrammatic approach
by introducing a matrix-product-operator (MPO) [67]
representation for the operators W(z) and V. This extension
is shown in Fig. 8: Each (blue) physical index is contracted
following the 2-design rule shown in panel (a), while the
(green) bond links remain unchanged. To simplify the
derivation of the proof, we rewrite O, (¢) as

0,1(2‘) = <W(t)>u,n<V-I-W(I)V>u,k0 7 (Al)
W(0))un (WD),

with (W) = Yrer, (=1/2) KU W (1), =
Tr[r,W(z)], with the operator r,=r;,® ... ry
written as a tensor product with r;, = |kéi))<k(()i)| —
1/2(o} |k(<)i))<k((f)|of)5ign. The operator r, gathers all the
information about the initial states |k,) € E, and the
corresponding  chosen  weights ¢, = (—1/2)kokl,
Finally, we also use the tensor produét decomposition
pPo=p1 @ ... ®py, with p; = |k(()l)><kg)|-
We can now prove graphically, in Fig. 8,

(WD) un(VW(D)V)

u,ko

B 3LN G) n @ - > Te(eW() @ VW()V). (A2)

TE(‘:S,L )

021061-9



VERMERSCH, ELBEN, SIEBERER, YAO, and ZOLLER

PHYS. REV. X 9, 021061 (2019)

(a) TVI_1 (5% ’17_1 i Ar ﬂl
. {
7ﬁ,u£ — 7_ngu;27l_z TALL: M2 4, ‘_n2
' '
—-Uy —- Ay
®  A).(B).

Lul—’/'l—uI—AlJ

Luyy—pr—u =B
= LU2—T2—UI;—A2J Lug—pz—ug—BzJ

Doy —rvmuh = v ol — s = B

:H Lowierimu =43 L we py—ul = B
7

BEL .[V&”:‘J\'Af‘"': A

+ T A

N\
LA, dN

N BZJ

N\
T i~ > a7 \-BH}

N\

1 (3)n <1>N—” 11 Swap;(A; ® Bj)
= — - o TI' (]<'V )
3N \4 2 I > ~uen)

i>n 1;=I;,Swap;

k=

FIG. 8. Identities for our protocol with local unitaries. (a) MPO
representation of multisite indexed operators. (b) Correlations
between two measurements with A = W(t), B = VIW(r)V.

where the index 7 is omitted in the graphics. The ensemble

SELL) consists of all the 2VN-" permutations of the form
t=[I;snswap;[[;»,7» 7; =I;,swap;, with the local
swap operator swap;|k;) ® |ki) = |k!) ® |k;). This case
leads directly to the desired equality

Zresﬁw Tr{z[W(t) @ VIW(2)V]}

D reen TrieW(r) ® W(1)]}

_ ZagremeaTa(Wa()[VIW (@) V],)
doAdl. n}CATrA[WA(t)] .

0,(1) =

(A3)

In particular, for n = N, we obtain Oy (1) = O(t).

APPENDIX B: OTOCs FOR HAAR SCRAMBLING

We now prove Eqgs. (9) and (10) of the main text. The
case j > L(t) is straightforward due to the commutativity
of V and W. For j < L(1), the equality written for the

(a)

o) = ziLLU[L]T— W=U[L]) - V= ULl= W=U1)s= 1

1 1 =, SNV 2l
= o 4L1{ W W

+C (4720 V1

S

1
QL[L Ay AR W v

1
4L —1
(b)  WORVIWHV).
= Lumy -z -vig-wa Loy, - Eh- vy -w
1 ;
- =3 [L’ Ly SV ST
PR AV R W‘]
11
ToL 4L L/\r[f]y WS i~
S
:4L1 1 |:2LLu,1—r1— u'{ —Ve=uy = p —ui_ V‘L'I‘r(rl):|
»
1
(c) %= 3 [vv v w\v“]
e

NV

==

FIG. 9. Proof of Eq. (9) using a diagrammatic approach. In
panels (a) and (b), the ensemble average is performed over the
unitaries U leading to the contractions of the red indices. In panel
(c), the ensemble average is taken with respect to the unitaries u;
with the contracted indices shown in blue.

OTOC O(r) follows directly from the 2-design identities
[cf. Fig. 9(a)] and can also be found in Ref. [33].

For the modified OTOCs, we use the mapping to
statistical correlations to calculate the values corresponding
to Haar scrambling. We show in Figs. 9(b) and 9(c) the

evaluation of (W(1)), .o, (V' W(1)V),,,, which can be
adapted to derive (W(1)), ,(W(1)), s, by replacing V by the

identity matrix. Since u is a product of local random
unitaries, we use the decomposition X = X[L]; ®, ...,

XL, =®i< MXM,T, for X=r, p. We also use the

notation p'[L], = Vp[L],V'. This method proves the
desired identities
2L/3 -1 -1
Oolt) = —r—1 01(f)=m~ (B1)
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APPENDIX C: OTOCs FOR MANY-BODY
LOCALIZATION

To describe analytically the behavior of OTOCs in the
MBL phase [24,26], we consider the Z-bit model with time
evolution U(r) = exp(—iHt) described by the Hamiltonian

H:th Z+ZJU oo,

i<j

(C1)

where h} are random fields that, as we show below, have
no effect on the OTOC; J;; = Jg ;;exp(—|j — i|/&), where
Jr,ij 1s a random interaction amplitude with probability
distribution f(Jg;;), which we assume to be uniform in
[-J.,J.], and & is the localization length. We study the
behavior of the OTOCs for the operators W = o7 and
V = o}. In the Anderson case J, = 0, each ¢ bit evolves
independently, and we have O(¢) = 0,,(t) = 1.

1. Single disorder realization

We now address the general MBL case J, > 0 and first
consider a single disorder realization of the interaction
matrix (J;;), writing the Heisenberg operators as

W(t) _ G‘); —21[]1(7 —211‘2# Ji 60

+ X o2 o— —21 Ji czro'
VIW(0)V = e 2% ¢ 2 (C2)
with ¢;;; = 1, ¢; = —1. We then obtain

O(t) = 55 Trlexp(—4itJ,jo705)] = cos(4Jy;t),  (C3)

as already shown in Refs. [24,26]. We now evaluate
0,—o.1() using the first line given in Eq. (A3). We first
perform the trace operation with respect to the site j,

Tr;{(; + swap;)[W(t) ® W(z)]}
=2 2ty Jij(oi —5%) ),
cos ( ; : )
Tr;[(1; + swap;)(W(1)  VIW(1)V)]

= 2cos <2tZJl](GlZ - Cl&lz)> ’
%

(C4)

with &{} (f = x, y, z) the set of Pauli matrices in the “copy”
Hilbert space H; associated with site i. We can then
calculate the trace over the remaining sites, for instance,

Tr, [(Ik + swapy) cos (ZtZJij(Gf - 55))}
i#]

_ [4cos(2thi,')2 + 2] cos <2IZJ,-,-(UI - 5’?)>v (C3)

i#k.j

Try [(Ik + swapy ) cos (ZtZJij(af - c,&f))]
i#]
= [4cos(21Jy;)* + 2c08(2(1 = cx)Jy;1)]

X oS (2ZZJU(O'IZ' - 5?)).

i#k.j

(ce)

All the factors that enter in the numerator and in the
denominator in Eq. (A3) are identical, except for the
position k = 1 of the V operator. This case leads to

4cos(2Jy;1)? + 2cos(4Jyt)

(1) = ~ =
olt) 4cos(2Jy;t)* +2

0, (t) = cos(4Jy;t).

2cos(4Jy;t) + 1
cos(4J;1) +2
(C7)

2. Averaged OTOCs

Considering a distribution of the random realizations
of J;;, 0,0, (t) is now obtained from Eq. (A3), where the
numerator and the denominator are replaced by their
ensemble average. Repeating the above derivation, replac-
ing each cosine contribution by the average

7 -
cos(aJ;;t) —>/ dg jjcos(ag ;e V=), (C8)
_JZ

we obtain Eq. (13).

3. Simulations of the disordered XXZ model

To describe the OTOCs in the MBL dynamics [24],
we consider the XXZ model

H = Z (6f07 + 07 61+1)+1661+1+Zh1
(C9)

with Al sampled from a uniform distribution [—A, A].

APPENDIX D: NUMERICAL SIMULATION
WITH DECOHERENCE

To study the competition between scrambling dynamics
and decoherence, we consider the kicked Ising model. The
dynamics is calculated from the Lindblad master equation
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p(t) = —ilH +rZE
H(te [(n—l)T nT——D =h Z

H< [nT—— D_Jzolal+1+2hal,

= 3 Bo7po; —pojof

(1), p(t)

~ o} ol (D1)
with the initial condition p(0) = p,, and y the spontaneous
emission decay rate (identical for each qubit).

APPENDIX E: NUMERICAL STUDY OF
STATISTICAL ERRORS

Here, we present complementary data to Fig. 7, showing
the scaling of statistical errors in our protocol with global
and local unitaries. The results are shown in Fig. 10. The
data confirm that statistical errors for Ny, — oo decrease as
1/+/N, with a growing number of applied random unitaries
N, independently of L(7) and N [panels (a)—(c)]. Panel
(d) shows the scaling of statistical errors with respect to N,
for the first modified OTOC.

APPENDIX F: ROBUSTNESS OF THE
PROTOCOLS

In this section, we give three examples showing how
random measurements are robust against different kinds of
perturbations. In each case, we consider the protocol with
local unitaries.

(@) 100 (b) 100

107t
W

0t 102 10°
N,

5 |V, = 2000
00 102 10° 107! 10! 10%
Nu, NM/QL

FIG. 10. Additional simulations on statistical errors. (a) Scal-
ings of the error £ in the estimation of O(t) as a function of N,
with global unitaries, and Nj; — co. We use the two values
N =4, 8 (circles, stars). (b,c) Same as panel (a) for local
unitaries estimating Oy () (here, the simulations are indepen-
dent of N). (d) Statistical errors for the estimation of O () as a
function of N, and N, = 2000. In all panels, the dashed lines

represent 1//N,,.

1. Limited reproducibility of generated
random unitaries

First, we analyze the robustness of our protocol with
respect to imperfections in the generation of random
unitaries. Specifically, we assume that (W(t)),, is
obtained from a random unitary matrix u = u; ® - - - uy,
with u; € CUE(2), while the second measurement
(VIW(1)V) 4, is obtained from a slightly different unitary
u' =uy @ ---uy, which we write as

u; = R;.(01)R;,(02)R;.(013)u;. (F1)
Here, R;, denotes single qubit rotations for spin i along the
y axis, and 6;, are assumed to be random angles drawn

uniformly in [—0, 6], which represent the unwanted mis-
match between the unitaries « and u’.

a. Analytical understanding of the robustness
of the protocol

To show that our protocol is robust against such
imperfections, we calculate the estimator of the OTOC,
obtained from

5 2oker Sk (W O)us, (VIW(OV) g,

0,(1)
2 k,eb, k(WO ug, (W (1)) g,

To first order 6, we can write ' = u + Y, , 6;,A;,, with
Ajn = R/, (0)u. This leads to

(F2)

(W(0)uk
= (W(1))us, <VTW(t)V>

+ Zem

where the second term vanishes because of 6,, = 0. This
implies that O, (t) = 0,(t). Our protocol is thus robust
to first order in @ against imperfections of the generated
unitaries. As shown below, the quadratic contribution
scales linearly with the characteristic size L(z) of the
operator W(¢).

VW)V i,

u,kg

Vot Tr([poAl, + Awpo TVIW(1)V),

b. Numerical example

We now consider a numerical example for the model of
scrambling presented in Sec. III B and the estimation of the
first modified OTOC n = 0. To assess the robustness of
statistical correlations, we consider j > L(t), so that the
exact OTOC is Oy(t) = 1, and imperfect generated uni-
taries as written above.

The numerical results are shown in Fig. 11 and confirm
our analytical treatment: There is no linear correction in 6
in the error £ of the estimated OTOC. However, the error
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FIG. 11. Robustness of the protocol with respect to a mismatch
between generated random unitaries in the estimation of the first
modified OTOC. The error £ is plotted as a function of the scaling
parameter §”L, for L = 4, 6, 8 and 0 < @ < 0.2 Note that for all
data points, the error is below 6%.

scales as 6L, showing that the quadratic contribution does
not vanish.

2. Robustness against the depolarizing channel

In the presence of depolarizing noise [39], the realized
quantum state can be written as

pl
Pr= (1 - p)Ut0t<t)p0U2—ot<t> + d_Nv (F3)

with 0 < p < 1 the depolarization probability, I the iden-
tity matrix, and U, (1) the desired time-evolution unitary
operator. This case translates to the measurement outcomes
[for the sequence shown in Fig. 1 with U () = U(t)u (a)
and Uy (1) = U(1)Vu (b)]

(W) ux, = (L= P)W(D)) s,
(VWO V)i = 1 =p)VWOV) g (F4)

where we use the fact that W () is traceless. Hence, the two
measurements are simply rescaled, and the statistical
correlations are not affected by the depolarizing channel.
This case is illustrated in Fig. 7(d), where the numerical
simulation [for the same model and parameters as in
Figs. 7(a)-7(c)] shows that the effect of depolarization
can be completely eliminated by performing a sufficient
number of projective measurements N ;.

3. Robustness against readout errors

We now show that our protocols are also robust against
readout errors. Here, we consider, for concreteness,
W = ¢%. For each random unitary u, and initial state k

(ky), we assume that each measurement of the operator is
estimated as

(W), = 2P (1. 1 ulky)) — 1,
(VW(OV)S = 2P, uVke) = 1. (F5)

where P*'(¢, 1, |k)) is the estimated probability to detect
spin j in state 1 after time evolution from the state |k). We
now consider that the estimated probabilities P*'(z, 1, |k))
are built from a sequence of N, measurements,

0) =5 3% (Fo)

L

PCSt(t, T,

with X; the measurement outcomes obtained with error
probability x:
Prob(X; = 1) = (1 =x)P(2, 1, k) + xP(z. |, [k))
= (1=2x)P(t, 1, |k)) + x. (F7)
In the limit of an infinite number of measurements (N,, —
00), we obtain P*'(z, 1, |k)) = Prob(X; = 1), and thus
(W@)k, = (1 =2x)(W(1) k.
(VW (V) = (1 =2x)(VW () V) (F8)

uky u.kgy*

Accordingly, as in the case of the depolarizing channel,
readout errors simply rescale the value of the observables;
i.e., the estimation of O,(r) is not affected by readout
errors.

APPENDIX G: ACCESSING OTOCs FOR
NONINFINITE-TEMPERATURE STATES

In this section, we show how to extend our protocol
beyond the case of infinite temperature p = /N y,.

1. Thermal OTOCSs from global unitaries

First, we show how our protocol can be extended
to include finite-temperature corrections to O(r). To this
end, we employ a high-temperature expansion of the
thermal density matrix p; = exp(—pH)/Z, with H being
the many-body Hamiltonian of the system of interest Z =
Trlexp(—fH)| and f the inverse temperature. Specifically,
instead of considering the canonical finite-temperature
OTOC

Olpyl (1) = Tr(psW () VW (1)V), (G1)

with p; a thermal density matrix, we consider a sym-
metrized variant, introduced in Ref. [31],
1/4 1/4y, 1/4 1/4

Oslpsl 1) = Tr(pl *W(0)ol/ Vol *W(n)ol/*v).  (G2)
Here, and in the following, we assume W(¢) to be
Hermitian, V to be Hermitian and unitary, and all operators
W, V, H to be traceless (which is the case for the spin
models considered in the main text). We employ a high-
temperature expansion of p; ~ (I — BH) /Ny + O(p*). To
first order in B, we find
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Oslpl() = 0(1) ﬁ{Tr[HW(r)VW(r)V]
+ Tr[HVW ()VW(1)]} + O(B?). (G3)

We now introduce the statistical correlations

C(1) = (WD) s, (VW(O)V) i, (H)

u,ko u.ky?

with u global random unitaries of the CUE and (A), ,, =

(w,|Alw,). Using the 3-design properties [52] of the CUE,
we obtain

C(t) =Y Tr(z[W(r) @ VW(r)V ® H]).

TES;

with ¢’ = [Ny (N3 + 1)(Ny +2)]7". This result can be
rewritten as

C(t) = {Te[HW()VW(£)V] + Tr[HVW (t) VW (1)]}.
Using Egs. (G3) and (G4), and O(r) = 0'9)(t), we obtain

s

Oslppl(t) = O(1) - mé(f)’ (G4)

which shows that Og[ps]() can be accessed by separately
measuring (i) the 7 = oo value O(r) as described in the
main text and (i) the additional correlations C(f). This
result shows that thermal OTOCs are experimentally
accessible by measuring statistical correlations. The addi-
tional requirement compared to the measurement of O(t)

is the measurement of the energy (H),, of random initial
states.

u,kq

2. OTOC:s for arbitrary states from global unitaries

We now generalize the previous approach and show that
we can access, for an arbitrary state p (thermal or not),
another symmetric variant of OTOCs,

05 [p)(1) = 5 (THpW (VW (0)V] + TH[W()pV W (1)V]}.
(G3)

Note that for thermal states p = p; Oglpsl(f) and
Oslpp)(t) coincide to first order in f. Also, when V and
p commute, this variant is equivalent to the standard OTOC,
i.e., Og[p](t) = O[p](t). Now, we introduce the statistical
correlations

C'(1) = W)k VWOV )ik, Pty

with the same notations as in Appendix G 1. Note that
the last term (p),, simply consists in measuring the

probability that the state p is in the random state |y,).
We then obtain, using 3-design properties,

C'(t) ="y Tr(e[W(r) @ VW(1)V & pl).

7€S8;

which corresponds to a sum of Og[p](f) and of lower-order
terms that can be measured independently (such as the
infinite temperature OTOC). Thus, Og[p](f) can be mea-
sured via statistical correlations.
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